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MOTION OF A PEXDULUM WITH STRONG W I N G  
ON A VIBRATING RASE 

(Moscow) 

ABSTRACT 

/142 

The motion of a pendulum w i t h  i t s  ax is  oriented ver t ica l ly  is 
investigated. 
r ise t o  a slow unidirectional rotation on the p a r t  of the 
pendulum. 
calculated. 

It is  sham t h a t  vibration of the base gives P The mean angular velocity of this ro ta t ion  is  

To the base on which the pendulum is  mounted we a f f i x  a t ranslat ional ly  
moving coordinate system s~t .  
axis  of rotat ion of the pendulum (this axis is  perpendicular t o  the plane of 
the paper in the figure). 
denoted by &, the  distance from the center of gravity C t o  the r o t a t i o n a l a x i s  
b y a .  

We align t h e t - a x i s  along the ver t ica l ly  oriented 

The angle through which the pendulum ro ta tes  is  

The equation of motion of the pendulum has the form 

Here, A is  the moment of i ne r t i a  of the pendulum re la t ive  t o  the rotation- 
a l  axis,  h i s  the damping factor,  presumed large, m is  the mass of the pendulum, 
W and W a r e  the projections of the base acceleration. 

Let the  acceleration of the base due t o  vibration vary according t o  the law 
s tl 

(2 1 Wr = a,d sin mt,  Wn = o l d  sin (or + e) 
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where 8 i s  some constant phase sh i f t ,  We introduce the following notation: 

Here g i s  the free-fal l  acceleration, n and n a re  the vibration over- 1 2 
loads.  Taking (2) and ( 3 )  i n to  accourrt, equation (1) assumes the form 

( 4 )  
@a da 

A 3 + h ,z 5 pi sin a sin ot - pr cos a sin (ot f 0) 

0 I n  the l a t t e r  equation, we perform the substi tution 01 = 01 + x (where CI 
0 

is the value of the angle at a t  the i n i t i a l  ins tan t )  and consider x t o  be small, 
i.e., we l e t  cos x x 1, sin x x X. 

We have - dlz dz 
A d 7 +  h = p1 ( h a o  + z cosa,,) sin ot - 

- pa (cos a. -. 1: sin a,,) (sin at cos e + cos at sin e) 

In  equation ( 5 ) ,  we make the following change of variables: 

x = m, sin at + ma COS Ut + zl 
hp, cos a,, sin 0 + A o  (pl sin a,, - pa cos ag cos 6) 

o (Aaoa + hs) 
Amp, cos a, sin e - h (pl sin a,, - pa cos a,, - cos e) 

u) (Ala' + ha) 

hi - 
m- 

We obtain 

Here 

j (Zl, ot) 3 [fpl cos a, + pa sin a, cos e )  sin ot + 
+ pr sin a. sin 0 cos at] (ml sin at + m, cos rJ 

We seek the solution t o  equation (7) i n  the form 

2, = Cl 4- Cae-w (k - ILIA), dxJdt = - A-Cre'k' 

The unknown variables C and C s a t i s fy  the r e l a t ion  
1 2 

2 

( 9 )  



From equation ( 7 ) ,  bearing i n  mind (9) and (lo), we f i n d  

Finally, bearing i n  mind 
f o r  the mean angular velocity 

Let us examine the case in which the base motion i s  such that the vibra-/143 
t ion  frequency i s  large and the parameters p1 and p 

We w i l l  confine our analysis t o  motion of the  pendulum during a time inter-  
val  i n  which x 
i n  t h i s  case, f(xl, u t )  i s  small. 

(see eq. ( 3 ) )  a r e  small. 2 

varies only negligibly. It i s  apparent from equation (8) tha t  1 

Equations (ll), taking in to  account the assumptions made above, shows t h a t  

the functions C1 and C ewkt vary slowly with time. 2 

Consequently, the function f ( C  + C e'kt, w t)  can be replaced i n  equations 
1 2  

(11) by i ts  mean value (ref. l), averaging over o t  and, in so doing, t reat ing 
c and C eWkt 8s constants. The mean value f o  of the function f(C1 + C2e 

i s  determined by straightforward calculations. 

-kt 
,u t )  1 2 

We have 

(12) 
21, = (2 [(p, cos a. + sin a. cos e) sin at + pa sin a,, sin e cos otl (mi sin at $. + m, cos at + C, + c,e-ktl) = ml (P, cos a. + p,  sin a. cos e) + m,p, sin a. sin 0 

Here and below, the angular brackets <...> denote the time average of the 
bracketed quantity. 

Replacing the function f(C + C 1 2  
system (11) by i ts  mean value f and integrating, we obtain 0 

in the f irst  equation of the 

We now subst i tute  the variable C in to  equation (9). We have 
2 

Hence 

equations ( 6 )  and (12), we obtain the equation 
of the pendulum in the form 

3 



. 

It is  apparent from the l a t t e r  equation t h a t  vibration of the base can 
e l i c i t  rotation of the pendulum i n  one direction. 
of iner t ia  of the pendulum is suff ic ient ly  small, such rotat ion proceeds a t  a 
constant angular velocity: 

Specifically,  i f  the moment 
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